It is shown that if M is a self-generator right R-module, then M is non-M-singular and CS iff M is M-tight and End(M R ) is a right PP ring. In particular, right nonsingular right CS-rings R are precisely right PP and right R-tight. As applications we show, among others, that for any domain R, R 2 R is right CS if and only if R is two-sided Ore domain and two-sided 2-hereditary, giving answer to an open question known previously in special cases. As another application, we show that for a von Neumann regular ring R, the matrix ring M n (R), n > 1, is right weakly selfinjective if and only if R is right selfinjective.  2004 Elsevier Inc. All rights reserved.
Introduction
A submodule N of an R-module M is called closed in M if it has no proper essential extension in M. Closed submodules are precisely complement submodules. Clearly, every direct summand of M is closed in M. A module M is called a CS-module if every closed submodule of M is a direct summand of M. CS-modules are also known as extending modules (see [5] ). A ring R is called a right CS-ring if R is CS as a right R-module (see Chatters and Hajarnavis [4] ). The property of being a CS-module is not preserved under direct sums. It has been an open question for more than a decade to characterize domains R such that the finite direct sum R n of copies of R is a right CS-module (equivalently, the n × n matrix ring M n (R) is a right CS-ring) where n is some fixed positive integer greater than 1. It is known that if R is a commutative integral domain, then (R × R) R is CS if and only if R is a Prüfer domain [5, Corollary 12.10] , and that if R is a local (noncommutative) domain, then (R × R) R is CS if and only if R is a valuation domain [2, Lemma 3.6] . It is also known that if R is a semiprime Goldie ring, then R n R is CS for all n > 0 if and only if R is a two-sided semihereditary ring [5, Corollary 12.18 ]. Theorems 4.9 and 4.15 of this paper answer the above stated question for a class of rings which include integral domains.
Let M R and N R be R-modules. We denote by E(M) the injective hull of M. M is called N -injective if for any submodule K of N and any R-homomorphism φ : K → M there exists an R-homomorphism ψ : N → M such that ψ| K = φ. ). M is called weakly injective (tight) if M is Nweakly injective (respectively N -tight) for all finitely generated modules N . A ring R which is weakly R-injective as a right R-module is called weakly selfinjective. Unlike injectivity the property that the ring S = M n (R), n > 1, is right weakly selfinjective need not imply that R is right weakly selfinjective. It is known that for a Boolean ring R if the n × n matrix ring S = M n (R), n > 1 is right weakly selfinjective then R is right selfinjective [13, Theorem 3.6] .
It was shown by Azumaya that M is N -injective if and only if for any R-homomorphism f : N → E(M), f (N) ⊂ M. More generally, M is said to be weakly N -injective if for any R-homomorphism f : N → E(M), there exists a submodule X ⊂ E(M) such that f (N) ⊂ X and X M (see JainLopez [10]). M is said to be N -tight if for any R-homomorphism f : N → E(M), f (N) is embeddable in M (see
In this paper we first prove that if M is non-M-singular and CS, then M is M-tight and End(M R ) is right PP. Furthermore, if M is a self-generator then the converse also holds. As a particular case, it follows that right nonsingular right CS-rings R are precisely right R-tight right PP-rings. This fact is indeed surprising: while the class of CS-modules is closed under direct summands but not under direct sums (finite or infinite), the class of tight (and also weakly injective) modules, in general, has the opposite properties with respect to direct summands and direct sums.
As applications of our main theorem, we prove, among others, that (i) for any ring R having no infinite set of nonzero orthogonal idempotents, R n R is nonsingular CS right R-module if and only if R is Utumi and Baer if and only if R R n is a nonsingular CS left R-module (Theorem 4.9); (ii) for any reduced ring R, R n is CS as a right R-module if and only if R is right n-hereditary and left classical quotient ring Q l cl (R) of R is same as the right maximal quotient ring Q r max (R) of R, if and only if R is right n-hereditary and right weakly injective, if and only if R n is CS as a left R-module (Theorem 4.15); and (iii) for a von Neumann regular ring R, the n × n matrix ring S = M n (R), n > 1, is right weakly S-injective if and only if S (and hence R) is right selfinjective (Theorem 4.4).
Definitions and notation
Throughout this paper, unless otherwise stated, all rings have unity and all modules are right unital. A CS-module M is called continuous if a submodule N of M isomorphic to a direct summand of M is itself a direct summand of M. A module M is called nonsingular if for any essential right ideal E of R and any element m in M, mE = 0 implies m = 0. A right R-module M has finite uniform dimension if it does not contain any infinite direct sum of nonzero submodules. It is known that for a module M R with finite uniform dimension, there exists an integer n 1 such that every direct sum of submodules contains less than or equal to n terms. We denote the uniform dimension of M by u.dim(M).
A right R-module N is said to be generated by a right R-module M if there is an epimorphism M (A) → N → 0. N is said to be subgenerated by M if it is isomorphic to a submodule of an M-generated module. For any two R-modules M and N , M ⊂ e N will denote that N is an essential extension of M. For a ring R, Q r max (R) (Q l max (R)) will denote the right (left) maximal quotient ring of R; Q r cl (R) (Q l cl (R)) will denote the right (left) classical ring of quotients of R. Q cl (R) and Q max (R) will respectively denote the two-sided classical quotient ring and two-sided maximal quotient ring of R. For an element a ∈ R, r.ann R (a) will denote the right annihilator of a in R. CS-ring will mean both right and left CS and nonsingular ring will mean both right and left nonsingular. For all other notation and terminology the reader is referred to [5, 8, 11, 12] . [14, Section 17.9, p. 141]). In particular, M is a quasi-injective R-module. We first prove a result for non-Msingular CS-modules.
Main theorem on nonsingular CS modules and rings
Recall that M = Tr E(M) (M) is the injective hull of M in σ [M] (see
Theorem 3.1. Consider the following two conditions: (1) M is non-M-singular and CS; (2) M is M-tight and End
By [5, Section 4.1, p. 30], ker(g) is a closed submodule of M. Thus there exists e ∈ A such that e = e 2 and ker(g) = eM. Now
Consequently, A is right PP. Next assume that M is a self-generator and that the condition (2) holds. We first prove
Since A is right PP, there exists an idempotent e ∈ A such that r.ann A (g) = eA. Using (1), we get ker(g) = Tr ker(g) (M) = eM. Hence ker(g) is a direct summand of M. Since ker(g) is essential in M, it follows that e = 1. Thus
Since A is right PP, r.ann A (g) = eA for some e = e 2 ∈ A. Once again using (1), we get
Thus K is a direct summand of M and hence M is CS. 2
Since R R is a self-generator, we have the following theorem for right nonsingular right CS-rings. The theorem is of independent interest and will be used throughout Section 4.
Theorem 3.2. A ring R is a right nonsingular and right CS-ring if and only if R is a right
In particular, for a von Neumann regular ring, we can show that M n (R), n > 1, is right weakly selfinjective if and only if R is right selfinjective. First, we prove the following lemma. We now proceed to obtain necessary and sufficient conditions for R n R to be a CS-module when R does not possess an infinite set of nonzero orthogonal idempotents. For the convenience of the reader, we state below some results that will be used latter. 
Theorem 4.6 [5, Corollary 12.7]. A ring R is a right and left nonsingular right and left CS-ring if and only if R is a Baer ring for which right and left maximal quotient rings coincide. In other words, the class of rings which are both Baer and Utumi is precisely the class of nonsingular CS-rings.

Lemma 4.8. Let R be a right nonsingular right CS-ring and let S be a ring such that R R ⊂ e S R . Then S is right CS.
Proof. Let K be a closed right ideal of S. Then K ∩ R is a closed right ideal of R. Since R is right CS, K ∩ R = eR for some idempotent e in R. We claim that (1 − e)K = 0. Let a ∈ K. Since R R ⊂ e S R , there exists an essential right ideal E of R such that 0 = aE ⊂ R. Thus aE ⊂ K ∩ R = eR. But then (1 − e)aE = 0. Since R R and hence S R is nonsingular, (1 − e)a = 0. Hence (1 − e)K = 0. Consequently K ⊂ eS. As eR ⊂ e eS and eR
We now prove our next main result.
Theorem 4.9. Let R be a ring with no infinite set of nonzero orthogonal idempotents (in particular, if u.dim(R R ) < ∞) and let n > 1 be any positive integer. Then the following are equivalent: (1) R n R is a nonsingular CS right R-module. (2) M n (R) is right weakly selfinjective and right PP. (3) M n (R) is Utumi and Baer. (4) R is Utumi and right n-hereditary. (5) Left side versions of (1)-(4).
Proof. (1) ⇒ (2). By Lemma 4.1, M n (R)
is a right CS-ring. Since R contains no infinite set of orthogonal idempotents and is right CS, it is folklore that u.dim(R R ) < ∞ and thus the right maximal quotient ring Q r max (R) of R (and hence Q r max (M n (R))) is semisimple artinian. For the sake of completeness, we may sketch the proof of the fact that u.dim(R R ) < ∞. Assume u.dim(R R ) is infinite and let K be a closed right ideal of infinite uniform dimension. Because K is closed, K = eR for some idempotent e ∈ R. This implies that q = 0, a contradiction. Hence p i1 q = 0 for some i, and this implies that R R ⊂ e R Q. We now claim that R is left nonsingular. So, let a ∈ R with l.ann R (R) ⊂ e R R. Since l.ann R (a) ⊂ l.ann Q (a), it follows that l.ann Q (a) is essential in R Q and hence in Q Q. But Q is von Neumann regular. Therefore a = 0. Thus R is left nonsingular.
Thus R is Utumi and hence S is Utumi. Since S is right nonsingular and right CS, it is Baer by Theorem 4.5.
(3) ⇒ (1) follows by Theorem 4.6.
Since R is right n-hereditary and hence right PP and R has no infinite set of nonzero orthogonal idempotents, R is Baer by Theorem 4.7. Thus R is left and right CS by Theorem 4.6. So as explained in the proof of (1) ⇒ (2), u.dim(R R ) < ∞, and u.dim( R R) < ∞. Therefore, the same holds for M n (R). In particular, M n (R) does not possess any infinite set of nonzero orthogonal idempotents. Since R is right n-hereditary, M n (R) is right PP [6, Exercise 12, p. 23] and so by Theorem 4.7, M n (R) is Baer. Since R is Utumi, M n (R) is also Utumi. 
iii) Left side versions of (i) and (ii).
Before we give the next application, we prove another key lemma on reduced rings (rings with no nonzero nilpotent elements) that is also of independent interest. We now prove that the intersection aR ∩ bR of any two principal essential right ideals aR and bR contains a regular element. Since aR + bR is projective, the exact sequence
where f (x) = (x, −x), splits and so aR ∩ bR is 2-generated right ideal, say cR + dR, and is essential. Thus by claim (2) above c + de is a regular element where r.ann R (c) = eR, proving our claim.
Finally, we prove that Q r cl (R) exists and is von Neumann regular. To show the existence, we proceed to prove the right Ore condition. Let p, q ∈ R where p is regular. Let r.ann R (q) = (1 − u)R, u = u 2 . Then q = qu ∈ uR and q is regular in the ring uR. Also pu is regular in the ring uR. Since each nonessential right ideal in R has a nonzero right annihilator, the same holds in the ring direct summand uR. Thus qR = quR and puR are essential right ideals in uR and hence by the result proved in the previous paragraph qR ∩ puR contains a regular element, say x. Then x = qd = puy for some y, d ∈ uR. Clearly, d is regular in uR and so r.ann
To prove Q = Q r cl (R) is von Neumann regular, let a ∈ R and r.ann R (a) = eR, e = e 2 . Recall a + e is regular and so (a + e) −1 ∈ Q, and a(a + e) − (5) we make the following observation. We already know that Q r max (R) is strongly regular. Since Q r max (R) is right selfinjective, it is left selfinjective by [9, Corollary 3.9]. Therefore, Q r max (M n (R)) = M n (Q r max (R)) is both left and right selfinjective. In particular, it is directly finite by [9, Theorem 9.29]. Next, since M n (R) is right weakly selfinjective, the same argument as in the proof of (2) 
